We study the attractor mechanism for N = 1 supergravity coupled to vector and chiral multiplets and compute the attractor equations of these theories. These equations may have solutions depending on the choice of the holomorphic symmetric matrix f ΛΣ which appears in the kinetic lagrangian of the vector sector. Models with non trivial electric-magnetic duality group which have or have not attractor behavior are exhibited. For a particular class of models, based on an N = 1 reduction of homogeneous special geometries, the attractor equations are related to the theory of pure spinors.
Introduction
The Reissner-Nordstrom charged black-hole is a solution of the MaxwellEinstein system. This solution may have two horizons, one horizon or no horizon whenever M 2 Q 2 , where M is the mass and Q the charge of the black-hole.
In a supergravity context, such configuration can be either viewed as a particular solution of N = 2 pure supergravity [1] or of N = 1 supergravity coupled to one vector multiplet [2] . Indeed, these theories have the same number of on-shell bosonic and fermionic degrees of freedom, but with a spin 3/2 gravitino exchanged with a photino. In the context of N = 2 supergravity, the solutions with M 2 ≥ Q 2 can be viewed as BPS or non-BPS [3] , while solutions with M 2 < Q 2 are forbidden (cosmic censorship) [4, 5] . In the N = 1 theory, the bosonic solutions are the same, so M 2 < Q 2 is still forbidden in spite of the fact that no supersymmetric black-holes exist in this case. For M 2 = Q 2 the horizon geometry is Bertotti-Robinson, with a AdS 2 × S 2 metric [6] .
Recent investigation (for recent reviews, see for instance [7, 8, 9, 10, 11] ) have in fact shown that extremal black-holes with attractor behavior also exist without saturating the BPS bound [12, 13, 14, 15, 16, 17] . Many examples in N = 8 supergravity [18] as well as in generic N = 2 theories have been given [19] , so that such configurations may be studied also in theories which do not have BPS black-hole configurations [20, 21] .
The aim of this investigation is to consider particular theories of N = 1 supergravity coupled to matter multiplets, which may have extremal blackhole solutions with attractor behavior [22, 23, 24] . We will extend the analysis to N = 1 theories with scalar fields, where extremal black-holes are connected to attractor points for the scalars.
Now we have an unspecified number n V of vector multiplets (Λ = 1, · · · n V ) and n S ≥ 1 of chiral multiplets. The electric-magnetic duality properties of these lagrangians have been studied in [25] , following the general analysis given in [26] . In the general case of a theory coupled to chiral and vector multiplets, to have a consistent solution exhibiting attractor behavior, the crucial element is encoded in a complex symmetric matrix, f ΛΣ , with Imf < 0, which is related to the kinetic term of the gauge fields [27] 
The matrix f ΛΣ must satisfy some particular properties, in particular it has to be a holomorphic function of the scalar fields ∂ ı f ΛΣ = 0. In terms of f the black-hole potential reads [13] 
with Q = (p Λ , q Λ ) the (constant) charge vector and M the symmetric, symplectic, negative defined matrix (
where Ω is the
To have large extremal black-hole solutions we require that the black-hole potential has an extremum ∂ i V = 0 at V | extr = 0, with Hessian matrix ∂∂V positive definite. The black-hole entropy is then given by [13] :
In N = 1 theories the vector kinetic matrix f ΛΣ is not fixed by supersymmetry and it can in principle be a rather arbitrary holomorphic function of the chiral multiplets. However, in theories which originate from higher dimensions, such as the ones coming from superstring compactifications, the matrix f ΛΣ may have a restricted form due to the symmetries of the theory.
For instance, in section 2 we will consider particular N = 2 models whose bosonic sector coincides (without truncations) with N = 1 models and which exhibit non-trivial attractor behavior. Examples of N = 1 models which have no higher N analogue can be obtained for Grassmannian manifolds U(n, n)/[U(n) × U(n)], following the results of [28] .
As another example, in heterotic string compactifications on Calabi-Yau threefolds the tree-level form of f ΛΣ is just f ΛΣ = Sδ ΛΣ where S is the chiral dilaton-axion multiplet [29] . This is the first example we will encounter in section 3. For Calabi-Yau orientifolds (in type IIA) this matrix is linear in the chiral fields, and a class of examples which share similar properties are the models coming from (orientifolded) homogeneous special geometries. Their general features will also be discussed in section 3. The N = 1 theories obtained from truncation of homogeneous special geometries exhibit the particular feature that the chiral multiplets sector is described by a non linear σ-model of the type SO(2, n)/[SO(2) × SO(n)] and the vector multiplets are in several copies of the spinor representation of spin(1, n − 1) which, combining electric and magnetic field-strengths extends to the electric-magnetic duality group spin(2, n). These theories generally show attractor behavior and their critical points have the nice geometrical interpretation that a certain moduli-dependent spinor, constructed out of the electric and magnetic charges, becomes a pure spinor 1 . At the end of the section, the Hessian matrix of some N = 1 models at the critical points is determined, showing the attractor nature of the solution. The paper ends in section 4 with some concluding remarks.
2 Embedding Maxwell-Einstein theory in N = 1 supergravity and attractors
We are going to discuss in this section the conditions to have extremal blackhole attractor solutions (for large black-holes) in theories with N = 1 supergravity. The crucial condition on the scalar sector is the request of an holomorphic matrix f ΛΣ . The attractor equation ∂ i V = 0, for arbitrary matrix f ΛΣ (with Imf ΛΣ < 0) satisfying ∂ ı f ΛΣ = 0 may be written as
where:
and the inverse formula holds:
Indeed,
1 We call here, with an abuse of language, a pure spinor a spinor ψ for which ψγ µ ψ = 0 [30] .
and
so that
We consider large black-holes solutions, then we require that at the attractor point eq. (5) be satisfied with V Λ = 0. The interpretation of the black-hole potential in eq. (8) is that V Λ is the shift which appears in the photino supersymmetry variation δ ǫ λ Λ in the presence of the charged black-hole background. A bilinear photino-gravitino term [27] in the geodesic action [13] with field strengths V Λ shows that supersymmetry is spontaneously broken [24, 31] .
Examples of non-linear σ-models for chiral multiplets which are compatible with a non-trivial electric-magnetic duality of the Maxwell fields [26] (that is with a scalar-dependent holomorphic matrix f ΛΣ ) are 1. Sp(2n, R)/U(n) coupled to n vector multiplets, with duality group Sp(2n, R)
2. U(1, n)/U(n) coupled to n + 1 vector multiplets, with duality group U(1, n) ⊂ Sp(2n + 2, R)
3. SU(1, 1)/U(1) coupled to n vector multiplets, with duality group SL(2, R))× SO(n) ⊂ Sp(2n, R)
4. SO(2, n)/SO(2) × SO(n) coupled to r vector multiplets in the spinor representation of SO(1, n−1) ⊂ SO(2, n), with duality group spin(2, n) ⊂ Sp(2r, R), where r is the dimension of the spinor representation of SO(1, n − 1)
5. U(n, n)/U(n) × U(n) coupled to 2n vector multiplets As we will see in the next sections, examples 2,3,4,5 exhibit in general attractor behavior, while example 1 does not. This can be easily understood because in the Sp(2n, R)/U(n) case the scalar fields x ΛΣ = x ΣΛ belong to the symmetric representation of U(n), and we have, for the kinetic matrix of the vector
Then, from (5) we find that the attractor equation for this model is
whose only solution is V Λ = 0, which implies V | extr = 0. This solution may correspond to a small black-hole, while attroctor solutions for large blackholes cannot be found for this model.
N = 1 theories with special geometry
An attractor behavior is guaranteed in theories where the kinetic matrix f ΛΣ is defined in a special-Kähler geometry. First of all, to have an N = 1 theory with special geometry for the scalar sector, it is necessary that the number of Wess-Zumino multiplets and of vector multiplets be related. In particular, if the number of chiral multiplets is n S = n, the number of vector multiplets has to be n V = n + 1. Then, the following identity has to hold [32, 24] :
in terms of a covariantly holomorphic superpotential (N = 2 central charge)
Using the relations of special geometry the attractor condition is in this case
However, for the theory to be N = 1 supersymmetric the matrix f ΛΣ must be holomorphic (for a given choice of coordinates). But for general special-Kähler geometries, the kinetic matrix for the vectors, N ΛΣ , which is related to the covariantly holomorphic symplectic section
is in general neither holomorphic nor antiholomorphic. We find indeed, from (16)
From (18) we find that, for the case n V = n S + 1, the only way to have a holomorphic kinetic matrix is to make the identification N ΛΣ = f ΛΣ and ask C ijk = 0, in which case we have ∂ ı f = 0. The bosonic sector of the theory found in this way is then an N = 1 model which is identical to the one of an N = 2 model 2 . The only way to satisfy the above properties is to consider as non-linear σ-model spanned by the scalar sector the series
. For this series of special-Kähler models indeed C ijk = 0, and the kinetic matrix N ΛΣ is holomorphic. In the basis with prepotential
We then find, for the attractor condition
which has two solutions. Either
in which case the black-hole potential at the extremum is
Here I 2 is the quadratic U(1, n) invariant written in terms of the black-hole
From the analysis of [34] , the solution with Z = 0 exists for I 2 > 0 and is a N = 2, BPS critical point which is a genuine attractor, since the Hessian matrix of the black-hole potential is positive definite [24, 13] . For the solution with Z = 0, which implies I 2 < 0, the critical point is N = 2 non-BPS and has 2(n − 1) flat directions since the Hessian matrix is semidefinite positive with only two non vanishing eigenvalues. Note that for n = 3 the model can also be interpreted as the bosonic sector of N = 3 supergravity coupled to one vector multiplet [35] . In the latter case, the BPS and non-BPS solutions are exchanged [10] and the four flat directions of the BPS solution in the N = 3 model correspond to the hypermultiplet in the N = 3 → N = 2 decomposition. For more general N = 2 σ-models (with C ijk = 0), to have a (anti-) holomorphic kinetic matrix a truncation in the matter sector is needed to satisfy eq. (17) 
Genuine N = 1 examples
Among the class of N = 1 supersymmetric theories with a non-trivial electricmagnetic duality group, one can consider a model with n 2 complex scalars coupled to 2n vector multiplets. In this case the non-linear σ-model is the Kähler manifold U(n, n)/U(n)×U(n) and the electric-magnetic duality group is U(n, n) ⊂ Sp(4n, R), with the electric and magnetic field-strengths embedded in the 2n + 2n of U(n, n) [28] . Denoting by s i the holomorphic coordinates on the σ-model, with 
For n = 1 this model coincides with the N = 2 model previously considered and for n = 3 it is the bosonic sector of N = 3 supergravity coupled to three vector multiplets, while for other n it does not have a higher N origin. As it was explicitly shown for n = 1 and n = 3, these models admit in general attractor black-hole solutions [34, 10] .
3 N = 1 examples as N = 2 truncations
The supersymmetry reduction of N = 2 → N = 1 supergravity is obtained by truncating the N = 1 spin 3/2 multiplet containing the second gravitino and the graviphoton. All orientifold models in which the N = 1 truncation leaves some vectors and scalars with a non trivial holomorphic matrix f ΛΣ = −N ΛΣ (in the subspace which excludes the graviphoton) may be studied to see whether they have attractors or not.
A general analysis of the consistent truncation of N = 2 theories to N = 1 has been given in [36] , to which we refer for all the details. We just quote here the main results for the reduction of the vector multiplet sector. Let us first decompose the coordinates of the N = 2 special manifold as z I → (z i , z α ), with i = 1, · · · n S N = 1 chiral multiplets while α labels the rest of the coordinates, and the N = 2 vectors as A Λ → (A Λ , A X ), with Λ = 1, · · · n V enumerating the N = 1 vectors and X the rest of the N = 2 vectors. a consistent truncation requires, on the N = 1 theory:
which in particular imply the truncation of the graviphoton projector:
This immediately shows that, whenever an N = 2 holomorphic prepotential F (X) exists such that F Λ = ∂F/∂X Λ (and F ΛΣ ≡ ∂ 2 F/∂X Λ ∂X Σ ), the N = 1 vector kinetic matrix is indeed anti-holomorphic, since in that case
so that we can identify f ΛΣ with −F ΛΣ . However, from the analysis of the previous section, eq. (17), it turns out that the matrix N is always antiholomorphic in the reduced theory (even in the cases where no prepotentail F exists) since ImN ΛΣ f Σ i → 0. An interesting possibility, considered in [36] , is the case of the N = 2 theory based on the σ-model
Let us study in detail the attractor equations for the N = 1 truncation of this model where only the dilaton chiral multiplet is kept together with n vector multiplets. In this case the kinetic matrix simply becomes
and the duality group reduces to SL(2, R)) × SO(n) ⊂ Sp(2n, R), where SL(2, R)) acts as electric-magnetic duality.
Referring to the discussion in section 2, we have in this case
and, from (5)
An attractor solution is then found for
and, substituting in the extremized black-hole potential gives
with a positive Hessian matrix, since:
Note that the entropy for this model has formally the same expression (with SO(6, n) replacing SO(n)) as in the general N = 4 theory [37, 38, 39, 24] since the non trivial electric-magnetic duality SL(2, R)) is the same.
For n = 6, the bosonic sector of this model coincides with the bosonic sector of pure N = 4 supergravity.
For n = 2, its bosonic sector coincides instead with the one of the N = 2 theory of the quadratic series, with one (N = 2) vector multiplet. Note in fact that the quartic invariant I 4 = q 2 p 2 − (q · p) 2 reduces in this case (where we only have q 0 , p 0 , q 1 , p 1 ) to the square of the quadratic invariant
2 . For n = 1, the quartic invariant is zero, since in this case (q · p) 2 = q 2 p 2 . This case concides with the first example of Section 2 ( the Sp(2n, R)/U(n) series) for n = 1.
CY orientifold compactifications and N = 1 reduction of homogeneous N = 2 models
The model discussed above may be generalized by considering the compactification to four dimensions of Type IIA theory on orientifolds (or of M-theory on a special class of G 2 -manifolds), as discussed in [40] . According to [40] , by considering a Type IIA orientifold which keeps only the complex Kähler moduli z A and vectors A 
Similar expressions exist also for the gauge kinetic matrix of the brane vectors (as a function of the bulk moduli) [40, 41] So one could consider the example of a truncation of the homogeneous (but non symmetric) space L(0, P,Ṗ ) in which z A = (S, z 2 , z 3 ) and z α = (z m , zṁ) (m = 1, . . . , P andṁ = 1, . . . ,Ṗ ). In this theory the only non vanishing entries for the d tensor are
In the orientifolded theory we would have z A = (S, z 2 , z 3 ) and A [42] . These models have r + q + 3 complex scalars, with r = (P +Ṗ )D q+1 , D q+1 being the irreducible reprsentation of spin(1, q + 1). The truncation to N = 1 leaves q + 2 chiral multiplets together with r vector multiplets. In particular, the scalar S corresponding to the dilaton decouples from the rest and after the orientifold projection we are left with the coordinates z A = x A + i y A , A = 0, 1, . . . , q + 1 spanning the σ-model SO(2, q + 2)/[SO(2) × SO(q + 2)]. Let us denote the vector fields by A α , α = 1, . . . , r. The holomorphic kinetic matrix is now a particular case of (39); written in terms of the γ-matrices of SO(1, q + 1), it is:
where (−1, +1, . . . , +1) . (42) are two copies of SO(1, q + 1) γ-matrices. They together compose the 2r × 2r representation of the SO(1, q + 1) gamma matrices, corresponding to the embedding in the electric-magnetic duality group SO(2, q + 2), which reads
The above equations are in fact written for the case P = 1,Ṗ = 0. An obvious extension is understood for P ,Ṗ generic (when this is the case, in (42) P →Ṗ requires Γ i → −Γ i ) and will be used in section 3.1.2. So so(1, q + 1) is an electric subalgebra of the electric-magnetic algebra so(2, q + 2), and the system of electric and magnetic field-strengths S = (F α , G α ) compose the spinor representation of SO(2, q + 2). To be more precise, the (real) spinor of electric and magnetic charges is irreducible under SO(2, q + 2) but decomposes as S = S 1) and, for q even, also opposite chirality. The 2r-dimensional SO(2, q + 2) spinorial representation can be described in terms of the following 2r × 2r matrices N = −1, . . . , q+2) , where
which satisfy the relations
The action of the so(2, q + 2) generators on the 2r electric-magnetic charges is defined by the matrices
. The Kähler potential in a special-coordinate inspired basis is
and, in terms of z A = x A + iy A , the vector kinetic matrix is
We find also:
The black-hole potential reads 3 :
where we have introduced the following shorthand notation
The extremization condition may be written in the elegant form
in terms of the spinor
Equation (52) can be written as the following real conditions in the real and imaginary parts of the z A moduli:
where P A B is the projector in the directions orthogonal to M A :
Eq.s (7), (53) and (52) allow to write down a general expression for the entropy, given by eq. (4):
Geometrically, the attractor points are the points where V α becomes a pure spinor. 4 As a remark we observe that eq. (52) is identical in form to eq. (4.43) of [45] for the N = 2 attractors of homogeneous Kähler spaces with vanishing central charge (and vanishing of the q + 2 matter charges Z I ). On a general ground this is a consequence of the fact that the N = 1 attractor equations given in eq. (5) are similar to the ones for the N = 2 attractors (eq. (15)) with vanishing central change:
if one replaces C ijk by ∂ i f αβ and
As the above discussion shows, L(q, P,Ṗ ) theories may admit in general attractor extrema, apart from particular cases. We are going to discuss, in the rest of this section, some specific examples.
This series, for particular values of q: q = 1, 2, 4, 8, describes N = 2 symmetric spaces [46] . Let us consider in particular the case q = 8, which corresponds to the σ-model E 7(−25) /E 6 × U(1), when decomposed with respect to SL(2, R)) × SO(2, 10) in a truncation where one only keeps the SL(2, R)) singlets. Since the representation of the electric and magnetic field-strengths decomposes under SL(2, R)) × SO(2, 10) as
only the 32 electric and magnetic field-strengths belonging to the spinorial representation of SO(2, 10) are kept. In the σ-model counterpart 
The potential at the extremum has the following expression:
This agrees with the fact that the charge-spinor in this case belongs to the 4 ∈ SU(2, 2) = spin(4, 2), which is complex, while the entropy is given in terms of a real bilinear invariant [47] . The L(1, 1) case has no attractors, as we will see in the following, as a particular case of the series L(1, P ).
Let us now move to analyze various cases of homogeneous spaces L(q, P ) and L(q, P,Ṗ ).
For this series (q = 0), the spinor of charges degenerates, and we have P +Ṗ spinorial electric and magnetic charges (p α , q α ) and (ṗ α ,q α ). The gamma matrices read
so that the scalar potential is
with
To have Imf < 0 requires y 0 > y 1 > 0. For this series, the potential (63) decomposes into the sum of two independent, functionally identical, contributions, each one depending on a different variable:
The attractor equations become the equations for two cones, which can be regarded as the pure spinor equations for SO(1, 1):
Therefore the attractor points are the ones for which the complex vectors V α and Vα have vanishing euclidean norm. The minima of (66) are found for
where
The extremum of the black-hole potential is then
The Hessian matrix at the extremum, evaluated with respect to the real and imaginary parts of u,u, is
showing that for all this class of models the extrema of the potential have indeed an attractor nature. Note that for all L(0, P,Ṗ ) the duality group is SO(2, 2) × SO(P ) × SO(Ṗ ), and the potential at the extremum may be written in terms of the manifest invariant of the duality group
(and similarly forİ 4 ), with (2, 2) and Ω the invariant metric of SU(1, 1) ⊂ SO(2, 2). This class of models is particularly interesting because it may correspond to a system of P D3 andṖ D7 branes on Calabi-Yau orientifold compactifications [48] .
If PṖ = 0, both P andṖ must be bigger than one, otherwise the attractor point does not exist (since then I 4 orİ 4 vanish, and Im u or Imu would vanish either.).
For PṖ = 0, we have the L(0, P ) (P > 1) models, in which case one complex modulus (u oru) is undetermined on the black-hole solution, the Hessian has two vanishing eigenvalues and the attractor equations have two flat directions.
Let us finally observe that, since the irreducible representation of the spinor of charges in SO(2, 2) is in fact chiral, only a subgroup SL(2, R)) × SO(P ) × SO(Ṗ ) ⊂ SO(2, 2) × SO(P ) × SO(Ṗ ) of the duality group acts non trivially. The vector-multiplet sector of this theory (in the caseṖ = 0) is then identical to the N = 1 truncation of the L(−1, P ) series. In this last case, however, the scalar sector reduces to the coset SU(1, 1)/U(1), so that the attractor condition is one complex equation for one modulus. Then the critical point is a genuine attractor. Note that this truncation gives back the same SU(1, 1)/U(1) × SO(P ) model already discussed in section 3, whose entropy has been given in (37) .
We have four electric and four magnetic charges. The gamma matrices read: The potential at the extremum reads
From this we see that in the symmetric L(1, 1) case, in which p 3 = q 3 = p 4 = q 4 = 0, the potential at the extremum is zero. This is in agreement with the fact that the in this case we have a single spinor of charges, belonging to the 4 ∈ Sp(4, R) = spin(3, 2), which has no antisymmetric bilinear invariant.
Concluding remarks
In this investigation we have considered the black-hole potential of charged extremal black-holes in N = 1 supergravity coupled to chiral and Maxwell vector multiplets. The attractor equations take the particular simple form (5) . In a particular class of models, obtained by an orientifold projection of homogeneous special geometries, the attractor equation (52) has the geometrical meaning, at least for q ≤ 8, that the spinor V α defined in (53) is a pure spinor. Pure spinors have already occurred in the literature in connection to attractor equations for type II compactifications on generalized Calabi-Yau manifolds in [49] .
The entropy can be computed and it is given in terms of invariants of the electric-magnetic duality group that, for an N = 1 reduction of L(q, P,Ṗ ) homogeneous spaces, is in general spin(2, q + 2) × S q (P,Ṗ ), where S q (P,Ṗ ) is the centralizer of the relevant Clifford algebra and it was classified in [42] . For models of the type L(0, P,Ṗ ), the underlying special geometry may correspond to D-branes on a CY-orientifold compactification and the attractor points would correspond to extremal black-holes on the branes. From the analysis of section 3, we find that such attractors exist if at least two branes of the same kind are kept. We also find evidence that extremal blackholes with attractor behavior may exist in heterotic string compactifications on Calabi-Yau manifolds, with the dilaton and axion fields fixed in terms of the electric and magnetic charges of the vector bundle. This is the N = 1 analogue of the N = 4 dilaton-axion black-hole [50, 51, 52] . On a more general ground, it seems that, whenever the gauge-kinetic matrix is modulidependent in N = 1 supergravity models coupled to vector multiplets, then charged extremal black-hole solutions with attractor behavior appear as a generic rather than an exceptional feature.
It would be interesting to extend the present analysis by including deviations from the Maxwell-Einstein system, by considering either Born-Infeld contributions to the Maxwell action [53, 54, 28, 55] (as it would be relevant in the case of brane vector fields) and higher curvature terms [56, 7, 14, 8, 9] in the gravitational field.
